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Abstract

We study correlations in a bipartite, fermionic, free state in terms of
perturbations induced by one party on the other. In particular, we show that all
so conditioned free states can be modelled by an auxiliary fermionic system
and a suitable completely positive map.

PACS numbers: 03.65.Ud, 03.67.Mn, 05.30.Fk

1. Introduction

The rich structure of multi-partite quantum states that arises from the interplay between
probability and locality leads to many interesting concepts, features and problems [1].
To determine whether a bipartite state is entangled or not or to understand the nature of
entanglement in higher dimensional systems turn out to be very hard problems [2] in quantum
information theory. Also in quantum statistical mechanics locality is still poorly understood.
There is, e.g., no clear description of reduced density matrices of global equilibrium states
in terms of generalized boundary conditions, see [3] and references therein. Such an
understanding is vital for studying the relation between KMS states and limiting Gibbs states,
existence or absence of phase transitions, large deviations, etc.

In this paper, we consider the influence of perturbations of one party on the other. The
states that arise in this way could be called conditional states even if the classical notion
of conditioning cannot be extended to the quantum [4]. More precisely, we work out the
structure of conditional state spaces for fermionic systems, imposing additionally Gaussianity
in section 2. For the remainder of the introduction, we introduce the necessary notions in the
context of finite-dimensional systems and provide some examples.

We consider here mostly finite-dimensional algebras of observables A; these can always
be taken to be unital sub-algebras of some complex matrix algebra M, closed under Hermitian
conjugation. Such algebras are direct sums of full matrix algebras and therefore encompass
both classical systems with finite-state spaces and fully quantum systems with a finite number
of accessible levels. The space of complex linear functionals on A is denoted by .4* and the
pairing between a functional ¢ and an observable A by ¢ - A. Because of the finite dimensions

1751-8113/09/465308+12$30.00 © 2009 IOP Publishing Ltd Printed in the UK 1


http://dx.doi.org/10.1088/1751-8113/42/46/465308
mailto:mark.fannes@fys.kuleuven.be
mailto:jeroen.wouters@fys.kuleuven.be
http://stacks.iop.org/JPhysA/42/465308

J. Phys. A: Math. Theor. 42 (2009) 465308 M Fannes and J Wouters

(A*)* = A. The state space of A is the convex subset S(.A) of normalized, positive, linear
functionals. The term state therefore means expectation functional rather than wave function
as in standard quantum mechanics.

We now consider bipartite systems. The observables of both parties form algebras .4 and
A, and of the composite system A, = A; ® A,. Product states are of the form

(A1 @ Az)1a = (Aq)1 (A2)2; (D

they describe statistical independence. Generally, subsystems will be correlated and this is
encoded in conditional state spaces

Si={A1 > (AIQ A1 | Ay e A}, (1) Q@A) =1} and

2)
S ={Ar = (Ai® A1 | Al € A}, (A1 ® L) =1}
S; is a compact convex subset of S(A;).
We may also consider the linear spaces of functionals
V) = {A] > <A1 ® A2>12 | A € Az} and (3)

Vo ={A2=> (A1 ®A2)p | AL € Ay).

As any element in a C*-algebra is a linear combination of at most four positive elements V; is
spanned by S;. Mostly, S; is a proper subset of the space of positive normalized functionals
in V;. Our main goal is to describe S; preferably in terms of a manifestly positive model.
This means that we want to generate the elements of S; in terms of manifestly positive
objects such as states and completely positive maps, see (13) for the example of a bipartite
finite-dimensional quantum system and our main result, proposition 3, for Gaussian fermionic
states.
A state ( ) of a composite system is a linear map from A, to Aj:

S:Are Ay (Al e A~ (A ® Ay)) € AL 4)
This map is, moreover, positive. The transposed map ST from A, to A

ST(AD) - Ay = S(Ay) - Ay, Aj € A (5)
simply swaps the parties. As the rank of a map and its transpose are equal,

dim(Vy) = dim(},) =: n. (6)

The natural number 7 is the correlation dimension of { )».
The conditional state A; — (A; ® A;) on A; can now be written in the form

(A1 ® Ay)in = ST(A1) - Ay =ST(A)) - B (7)

for a suitably chosen B from ST(A,)*, i.e. we have modelled the conditional states on .A; by
an n-dimensional space. However, B does not have to be positive which makes (7) not very
useful.

1.1. Bipartite fully quantum systems

Consider a bipartite system with fully quantum parties, i.e. A4; = M; where M; is a full
matrix algebra of dimension d;. The general finite-dimensional situation can be handled by
decomposition in a direct sum of full matrix algebras. A state of the composite system is given
by a density matrix p;, of dimension dd,:

(A12)12 = tr(p12A12), Ap € M| @ M,. ®)
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Let d; be the dimension of the range of p, then the GNS-construction yields an essentially
unique normalized vector € C% @ C% ® C* such that

(A2)12 = (2, A2 ® 15 Q), App € M| @ M. &)

We now perform the Schmidt decomposition of €2 with respect to M, and M| ® Ms:

Q:ZCJ- ng@QBj. (10)

j=1

Here ¢; > 0 and {2} and {3} are orthonormal families in C% and C @ C%. The
conditional states on M are convex combinations of conditional states defined by a rank 1
operator in M;. These are of the form

A= (R, A1 ® [n)(n| ® 13 2)

m

= Z (21, m) (0, 220) (13, A1 @ 13 K213¢)
ke=1

=(£, A ®138). (11)

Here & is a normalized vector in span({€23 ;}). Moreover, any normalized £ can be reached
by an appropriate choice of 1. Therefore, the conditional states are of the form

Al (£, A ®158), & e span({Q23}). (12)

Picking an isometry V from span({€2;3 j}) to C", we obtain the following manifestly positive
model for the conditional states:

S ={A; > tr(pT(A})) | p density matrix on C"} (13)
with
F'A)=V A ®1;V*. (14)

The map I' is completely positive and identity preserving. This description of conditional
states fits in the general setting of generalized subsystems of [5].

1.2. Separable states

By Caratheodory’s theorem, a separable state p of a bipartite system M; ® M, can always
be decomposed into a mixture of d pure product states where d < dlzdzzz

d
P= hala)(Pal ® [Va) (V. (15)
a=I

Here, A = ()y) is a probability vector and the ¢, and v, are normalized but generally
non-orthogonal vectors in C% and C%. The conditional states are then of the form

AL Y al@as A1), (16)

o

where the probability vector © = (w4 ) varies in a closed convex subset of the classical state
space of probability vectors of length d, i.e. the conditional state space of a separable state
admits a classical model.
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1.3. Pure bipartite states

For a pure state ( );2 on M| ® M, defined by a normalized vector €22, the forms (7) and (13)
are actually very similar. We can identify the dual of M with M and use the pairing

@ A=tr(pA). 17)
Writing the Schmidt decomposition

P 1
Qu=) rie®f, ri >0, (18)
i=1
we easily compute for A} € M,
Py
ST(An) = e i {ens Avee) | fo) (fel- 19)
ke=1
It is not difficult to verify that
Sy = {ST(AD|A1 > Oand (41 ® 1)1 = 1) (20)

is affinely isomorphic to the state space of the p-dimensional complex matrices M,. We see
therefore that the correlation dimension  is p?>. A general conditional state on A,

A= (A ® Ay, A20 and (1, ® Az)pp =1 21
can then be written as
Ay — tr(ST(A))B) (22)

for a suitable B € (ST(A;))*. As ST(A,) is the full-state space of the n-dimensional matrices,
we must have that

B>0 and tr(ST(1)B) = 1. (23)

This means that (22) is manifestly positive. To obtain the equivalence with the form (13), we
use the transposition with respect to the basis { f;} of C”:

tr(ST(A1)B) = tr(B"(ST(A1)") = w(BTA(A)))

= tr(A(11)2? BTA(1,)7T(A})) 24
with
p 11 i 1
A(A) = Z reri (ex, Avee) | fi) (fel and (A =AM 2AADAM)™ 2.
k=1
(25)

1.4. Finitely correlated states

An extension of these ideas was made in the context of translation invariant states on quantum
spin chains. A family of states called finitely correlated states or also matrix product states
was studied [6]. The pure ones turn out to be ground states of VBS models and they are also
useful as trial states in numerical computations [7]. To construct such a state on a quantum
spin chain ®%.A (where the single site algebra A is typically a matrix algebra), an auxiliary
finite-dimensional algebra B is introduced together with a unity preserving completely positive
map

E:A®B — B. (26)
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Introducing the super-operators
Er:B— B: B+~ E(AQ® B), Ac A 27

and assuming for simplicity that repeated actions of E 4 on 13 span the whole of 3 and that
15 is the unique eigenvector of Ey with eigenvalue 1, there exists a unique state p on B that
satisfies

p(B) = p(Ey(B)), B e B. (28)
The restrictions of the chain state w to subsets of contiguous points are

0(Ap ® Ape1 ® - ® Ay) = p(Ea, 0Ea,,, 0+ 0Ey,(1p)). (29)
The conditional states on the right half-chain " 4 are then modelled by

X = o(I'(X)), (30)

where ¢ is an arbitrary state on B and

M:o%A—-B:TA QA ® --®A,) =E4 0Eg,0---0E4 (1). (31)

2. Free fermionic states

Quantum states are mostly indirectly given, typically as ground or equilibrium states for a
given interaction. Bosonic or fermionic free, quasi-free, Gaussian or determinantal states are
an exception, their two-point expectations are specified and the state is computed on general
elements by applying a simple combinatorial rule. We shall restrict our attention to fermionic
systems and compute conditional states within the free context. A general reference to this
section is [8].

The CAR algebra A(H)—CAR stands for canonical anti-commutation relations—with
one mode Hilbert space H is the C*-algebra generated by an identity 1 and by creation and
annihilation operators a* and a that satisfy

¢ € H +— a*(p) is complex linear

{a(p),a(y)} =0 and {a(e), a*(¥)} = (o, )1

An orthogonal decomposition H = H; @ H, turns A(H) into a composite system with parties
A(H;) up to a minor modification: A(H;) sits as a graded tensor factor in A(H) through
the natural identification a*(¢;) — a*(¢; @ 0). This is due to the fact that odd elements in
A(H; @ 0) anti-commute with odd elements in A0 & H,). To simplify notation we shall
often write a*(¢) instead of a*(¢ & 0).

There is a representation from U(1) in the group {¢, | z € U(1)} of gauge automorphisms
of A(H):

(32)

zeU(l) - a, with a(a* (@) = za*(p). (33)

Its fixed point algebra is the GICAR algebra—gauge-invariant CAR; it is generated
as a linear space by monomials in creation and annihilation operators of the form

a*(g1) - a*(@n)aPn) - - - a(yn).

A gauge-invariant free state wp on A(H) is determined by a symbol which is a linear
operator Q on H satisfying 0 < Q < 1. The wp-expectations of all monomials vanish except
for

wo(@*(p1)a*(g2) - -a*(@n)a(Wn) - - - a(P2)a(y)) = det([(Yr, O @) (34)

5
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A different approach will prove useful here, see [9, 10] for more details. The second
quantization map

F:7i(H) - AH) : T'(A) := Z(ek, Aeg)a*(e)aler) (3%
k.t

takes a trace class operator A € 7;(H) to an element I'(A) in A(H) that is independent of the
chosen orthonormal basis {e;} of 7. This map is complex-linear, continuous and satisfies

sIAIL < T < [1All- (36)
It is, moreover, completely positive and for a positive A € 7;(H)
T (A =trA. (37
In [10] a map E from the Fredholm operators 1 +7; (H) to A(H) is considered that satisfies
E(X)E(Y) = E(XY),
E(X)* =E(X*) and (38)
E(exp A) = exp(I"(A4)), A eTi(H).
This map obeys for positive trace-class A the bounds
L+[All < [E(L+ A <exp(llAll;)  and  [E(1 +A) — 1]l <exp(|Af) — 1. (39)
A gauge-invariant free state wy can then be characterized by
wo(E(X)) =det(l — Q + 0X), X e 1+7,(H). (40)

A state w on A(H) is even if it vanishes on all monomials in creation and annihilation
operators with an odd number of factors. Gauge-invariant states are automatically even. If w;
is an even state on A(H;) fori = 1, 2, then there exists a unique state w; A w, on A(H; & H;)
such that

(01 A 02)(X1X2) = 01(X1) @2(X2), X; € A(H;). 41)
A symbol Q induces an orthogonal decomposition

H="Ho®H S Hu, (42)
where

Ho = ker(Q) and Hy = ker(1 — Q) 43)

and wg factorizes into
wo = wy A wy A wy with QO = Olx. (44)

The states wy on A(Hp) and wy on A(Hy) are pure; they are Fock and anti-Fock states.
We now consider a free state on a bipartite fermionic system A(H; & H;) defined by a
symbol Q with the block matrix structure

A B
0= [ 5 C} (45)
The aim is to characterize all free states on A(7H) that arise as conditional states, and more
precisely, to characterize
Siee — (w; | w; is a free state on A(H;) and
3 a gauge-invariant Y € A(H;) such that
wi(X) =wo(XY), X € A(H))}. (46)
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From the positivity conditions Q > 0 and Q < 1 of the symbol (45) on H; & Hy, it
immediately follows that

B ker(C) = B ker(1 — C) = 0. 47)

This implies that the sub-algebras A(ker(C)) and A(ker(l — C)) of A(H,) are irrelevant for
computing the conditional states (46). There is therefore no loss in generality to assume that
the kernels of C and 1 — C are trivial. In this case, the positivity conditions can be restated as

0<C<1, BCT'B*< A and B(1—C)'B* <1 — A. (48)

In these inequalities, even if C~! or (1 — C)~! are unbounded, BC~'B* and B(l — C)~'B*
extend to bounded operators on ;. The positivity conditions (48) can be recast into

0<AL1 and 0g<cCc«i1 (49)
and there exist operators

D; : H, — H,y, ID;]| <1, i=1,2 suchthat

B=A2D,C? = (1 — A): Dy(1l — C)2. (50)

Free states are the fermionic version of classical Gaussians. For Gaussians, expectations
of arandom function multiplied by a Gaussian variable can be expressed as expectations of the
derivative of the function with respect to the random variable. The following lemma provides
such a formula in the fermionic context. Note that the classical second derivative becomes a
combined commutation anti-commutation.

Lemma 1. ForanyY € A(H) and ¢ € 'H, we have
wo(a*(p)Ya(p)) = wo(a*(pla(p))wo(Y) +wo(falp), [a*(¢), Y1}). (51

Proof. We may limit ourselves to gauge-invariant Y due to the gauge invariance of the free
state. Since we can approximate Y by linear combinations of gauge-invariant monomials in
A(H), it suffices to show the lemma for Y = a*(yy) - --a* (¥, )a(n,) - - -a(ny). For such Y,
using the fact that w is free, the expression wg (a*(¢)Ya(p)) expands to

wg(a*(a(p)) wola* (W) - -a*(Ya)a(,) - --a(m))

+Y e wolat(@)a)) wola* (Yia(e))
k.t

X o (a* () -+ a*(WYo) - a* (Y)a(ny) - - -a(ng) - - a(ny)). (52)

Here &, = +1, depending on the parity of the permutation needed to put the modes in
the original order and a*(y;) means that the factor a*(yy) is removed from the product

a (Y1) - --a* ().
We now compute by repeated application of (32)

a*(Qe)a(n,) ---a(m) = Ny, Qp)a(u—-1) - --a(m) —a@m,)a*(Qe)a(n,—1) - --a(n)
= Zse wo(a*(p)ame)) a(n,) ---a(e) ---alm) £am,) ---am)a*(Qy),
4

(53)
with the upper sign for n even and the lower sign for n odd; therefore
Z gewo(a*(p)a(me) ay) ---a(e) - - -am) = [a*(Qp), a(na) - - - a(mn)l+. (54
¢
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Using this relation, its conjugate and the anti-commutation relations (32), we get the desired
result for gauge-invariant monomials and hence for all gauge-invariant elements:

D e wolat(p)ame) wola* (Yi)a(@))
ke

X a* () - - a@* () -+ a*(Wa)a(my) - a(ne) - - alm)
= =) e wgla*(@alne))
4

x F [a(Qp). a* () -+~ a*W)lza(n,) - aGre) - a(m)
=+ s wgla*(p)a(n))
4

< {a(Qe), a* () - a*(W)a(my) - -a(ng) - - - a(m)}
= +{a(Qg), a* (Y1) - - a* W) [a*(Q9), a(yy) - - a(ny)])

= {a(Q¢). [a™(Qy),a* (Y1) - -a*(Yw)a(n,) - - - a(n)]}. (55)
]

The following proposition bounds the two-point correlations of conditional states. To
show this we rely on the equilibrium properties of free states. An equilibrium state wg on a
C*-algebra A is linked to a dynamics in Heisenberg picture through the KMS condition. Let
{a; | t € R} be a continuous group of automorphisms of A; then, wg is an «-KMS state at
inverse temperature 8 > 0 if there exists for any pair of observables x, y € A a function

z2€Cr Fyy(2) €C, (56)
that is analytic inside the strip 0 < Imz < B, that extends continuously to the closure of the
strip, and such that
Fiy(1) = wpla;(x)y) and Fry(t +1B) = wp(yo; (x)), teR. (57)

It is straightforward to check that the KMS states on a finite-dimensional full quantum system
precisely coincide with the canonical Gibbs states.
Let 0 < Q < 1 whereby we mean that for 0 # ¢,

0 < (¢, Qp) and 0<{p,(1—-0)). (58)

The state w, is then the unique o-KMS state on A(H) at inverse temperature = 1, where o
is the strongly continuous one-parameter group of automorphisms [11]

a (@ (p)) = a* " p), reR (59)
with

h=In(1—-Q)—1InQ. (60)
Proposition 1. With the assumptions and notations of above there exists for any positive,
gauge-invariant Y € A(H,) with wg(Y) = 1 a bounded operator A on M, such that

wo(a*(@)a(¥)Y) = (¥, Ap), ¢, ¥ €H (61)
and

A—BC'B*<A<A+B(l-C)'B". (62)

Proof. Since Y commutes with a(y) and wg(Y) = 1, we can use lemma 1 to get
(¥, Ap) = wo(a*(¢)Ya(p))
= (¢, Ag) + oc({a(B*¢), [a*(B*p), Y1}). (63)
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The next step consists in rewriting this identity in such a way that we can use the
information wc(Y) = 1. This can be achieved through the KMS condition. Using an
approximation argument, we may assume that a*(B*p) and Y are analytic elements for the
automorphism group « of A(H;) defined by C. For an analytic element x, we have

(0 (%)) = az(x"), zeC and
wc(xY) = a)c(xY%Y%) = wc(a_i(Y%)xY%)
=a)c(a_%(Y%)a%(x)oc%(Y%)), (64)

and similarly

we(Yx) = oc(a_y (Y a_y (e (YD),

i ; (65)

wc(xYy) = wc (@i (Y Da_i ()a; (e (YD)).
This allows us to rewrite (63) as

(@, Ap) = (9. Ag) + wc(a_y (V2 )ua; (V2)), (66)
with
u= (B¢, (1+e")B*p) — a*(e%B*fp + e’%B*go)a(e%B*(p +e 2 B*go). (67)
Here h is the single-mode Hamiltonian as in (60) replacing Q by C. Using

0 < a*(©)a@) < gl (68)
we obtain the statement of the proposition

A—BC'B*<A<A+B(l-C)'B". (6%

Obviously, the two-point correlations of states in Sfree also satisfy these bounds. Since
the two-point correlations of a free state g are encoded in its symbol Q, the operator Q will
satisfy the bounds given for A in proposition 1. In proposition 2, we show that the converse
is also true, i.e. that every free state whose two-point correlations satisfy the given bounds is
contained in the weak*-closure of Sfree.

To prove this statement, we use conditional states generated by an exponential element Y
in A(Hz)

Lemma 2. Ifwg is a free state on A(H) with symbol Q as in (45) and Y = E(L)/wg(E(L))
is an exponential element in A(H,) with L > 0, then the conditional state & : X +— wo(XY)
is a free state on A(H;) with symbol

A=A-B(L—-1)(1 —C+CL)'B*. (70)

Proof. We calculate the expectation value of elements X = E(K) with K an operator on H;
in the state @. Since these elements E(K) span the gauge-invariant CAR algebra [10], these
values determine the state @.

First we determine the normalization factor wg (E (L)) by using (40):

wo(E(L)) =det(l — O+ Q(1 & L))
=det|:]1 —B+BL }
0 1-C+CL
= det(1 — C +CL). (71)
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Likewise, we have that
wo(E(K)E(L)) = det(l — Q+ Q(K & L))

 det 1—-—A+AK —B+ BL
=~ gk 1-C+CL

=det(l — C+CL)det(l — A + AK) (72)
with
A=A—-B(L—-1)1l —C+CL)"'B*. (73)
Hence, @ is a free state with symbol A
i _ wo(E(K)E(L)) i
O(E(K)) = —CUQ(E(L)) =det(l — A+ AK) = w;(E(K)). (73

Lemma 3. Let0 < ¢ < 1 and let A be an operator on H, such that A — A is of finite rank
and such that

A—(1-)BCiIB* <A< A+(1—e)B(l —C) 2B (75)
then there exists a positive Y € A(H,) such that
wi(X) = wo(XY), X € A(Hy). (76)

Proof. We consider the set of operators

A=A+ BKB* (77)
with K a finite-rank operator on H, such that A satisfies the bounds (75). This is the case if
—(l—-e)C'<K<U-e)(@-0)"" (78)

Using lemma 2, we obtain the free state with symbol A as the conditional state
X — wo(XY) with

1

Y = m E(L) € A(Hy) (79)
if we are able to find a positive operator L on H, such that

K=0-L)1-C+ CL)’1 and 1 — L finite rank. (80)
Rewriting this in terms of a finite-rank operator N, such that L = 1 + N, we have

K=—-N(1+CN)™" (81)
If 1 + CK is invertible, this equation is solved by

N=-K(l+CK)™" (82)

To show that 1 + CK is invertible, assume that ¢ € ker{l + KC}. This means that

(Cp,p)+(Cp, KCyp) =0 (83)
and

0> (Cp,9) — (Cp, (1 —e)C™'Cp) = e(p, Cp). (84)
Hence, ker{ll + KC} = {0}. Therefore, as CK is of finite rank, ran(l + CK) = Ho.
Furthermore, ker{ll + CK} = {0} as well and so 1 + CK is invertible. O

10
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Proposition 2.  The weak*-closure of the set S\ of conditioned free states on A(H,)
coincides with the set of free states on A(H,) whose symbols A satisfy

A—BC:B*<A<A+B(l —C)?B* (85)

Proof. For free states, weak*-convergence is equivalent to weak convergence of their
symbols. The proof then immediately follows from proposition 1 and lemma 3. ]

There is a notion of gauge-invariant, free, completely positive, identity-preserving
maps between CAR algebras that naturally extends that of free states. Such a map
I': A(H) = A(K) is determined by operators

R:H—>K and S H—>H (86)
that satisfy

0<S<1-R*R. 87
The action of the map on a gauge-invariant monomial of order 2 is given by

L(a*(@)a(¥)) = a*(Rp)a(RY) + (¥, S ¢), ¢,y eH. (88)

Moreover, the pull-back wg o I" of a free state on A(K) is a free state on A(H). For more
details, we refer to [10].

Asin (13), we can write the free conditional states as generalized subsystems, using a free
completely positive map to a suitable operator algebra and free states on the target algebra.

Proposition 3. There exists a unique, free, minimal, identity preserving, completely positive
map T such that the weak*-closure of Sfree is the pull-back of the free states by T'.
Proof. Let K = ran(B) C H;. We construct operators

R -H — K and S:H —> H (89)
such that

0<S<1-R*R. (90)

These operators define a completely positive, free, identity-preserving map I from A(H;) to
A(K) as in (88). The pull-back of the free states on .A(K) consists of the free states on A(H;)
with symbols

{A=R*TR+S|0<T <1} 91)
We need to show that the set (91) coincides with (85). This is the case if and only if
R:U\/BC—%B*+B(11—C)—%B* and S=A—BC1B* (92)
In this expression, U is an arbitrary unitary on /. ]

3. Conclusion

In this paper, we described the correlations in bipartite quantum states in terms of a space of
conditional states. These states are restrictions of the global state to one party after perturbing
the other. For finite-dimensional systems, one can always find a manifestly positive model of
the conditional states in terms of an auxiliary system and a completely positive map. Separable
states correspond to classical models. The main result of this paper is to work out the details
of the manifestly positive model in the setting of Gaussian fermionic systems. This greatly
simplifies the analysis as Gaussian structures are characterized by one-particle objects or,
stated differently, tensor constructions are replaced by direct sums.
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